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Abstract
We revisit the proposed bridge from the Joux/BGJT quasi-polynomial descent
for discrete logarithms in small-characteristic finite fields to Buchmann-style
regulator and class-group computations in real quadratic fields

K = Q(
√

N), N = pq.

The original motivating hope was that a sufficiently strong improvement in real
quadratic regulator computation could yield an asymptotic factoring algorithm
for semiprimes beyond the Number Field Sieve threshold L[1/3].

The present paper sharpens the negative side of that program in three ways.

First, we isolate a fully rigorous Frobenius obstruction. The only intrinsic
Q-algebra endomorphisms of K are the identity and conjugation. Any public
residue-level projector that separates the hidden p- and q-components of Z/NZ
produces a nontrivial CRT idempotent and therefore factors N . Thus a Joux-style
Frobenius replacement is unavailable in the real quadratic semiprime setting.

Second, we isolate a fully rigorous tower obstruction in the bounded-degree,
polynomial-norm principal-relation regime. Real quadratic fields have no nontriv-
ial internal tower. Any public external tower of bounded degree has only bounded
length, and any descent that remains in the fixed-degree smooth principal-relation
regime keeps relation norms polynomial in the discriminant. Under the standard
smoothness heuristic, this forces the familiar L[1/2] balance. This structural
theorem does not address towers whose degree grows with log N or more general
NFS-style variable-degree constructions; it only rules out the bounded-degree,
polynomial-norm principal-relation regime made explicit below.

Third, we reformulate the remaining loopholes via the exact near-square dynamics
of continued fractions and reduced ideals. The rare-event states with small
denominator Qi are characterized exactly, assembled into a functional divisor
graph, and shown to correspond to reduced narrow-class cycles. This yields
several further negative results: graph-only cycle selection collapses to narrow-
class selection; on the thin family of small split ideals, dynamic principal-cycle
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membership is equivalent to static principality; and principal-genus admissibility
does not remove the odd part of the narrow class group.

The resulting picture is structurally sharp. Within the Joux-style smooth-relation
paradigm, no sub-L[1/2] route is found. The only substantially different escape
route isolated in this pass is conjectural and external to the proved negative
results: an explicit real-multiplication reciprocity mechanism of Darmon–Vonk /
Hilbert-12 type that would provide a finite principal-class separating signature.
No theorem-level algorithm follows from this conjectural branch.

1. Introduction
Let

N = pq

be a balanced semiprime. Set

K = Q(
√

N),

and let DK denote the discriminant of K. The regulator RK of K is the logarithm
of a fundamental unit. A sufficiently fast algorithm for RK , combined with the
real quadratic class number formula and the usual regulator-to-factorization
pipeline, would imply a faster factoring method for N .

The concrete question motivating this paper was whether the Joux/BGJT
mechanism for discrete logarithms in finite fields of small characteristic admits
an analogue in the Buchmann framework for real quadratic class groups and
regulators. The target was an asymptotic factoring algorithm beating

LN [1/3].

The present paper gives a revised and more rigorous account of the negative
outcome. The theorem-level negative results are deliberately scoped: they rule
out the Joux–Buchmann bridge in the bounded-degree, polynomial-norm
smooth principal-relation regime, not every conceivable variable-degree
or non-principal-relation construction. It replaces the earlier compact bridge
note by combining the original K3/K4 obstruction analysis with a new exact
continued-fraction/divisor-graph study of the remaining internal loopholes. The
most important improvements are:

1. The main obstruction theorems are now stated and proved in paper-safe
form.

2. The continued-fraction and infrastructure remainder has been reformulated
through exact near-square identities and a functional divisor graph.

3. Several apparently independent loopholes are shown to collapse back to
principality or narrow-class selection.
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We emphasize what is and is not proved. We do not prove that no classical
breakthrough exists. We do prove that the specific Joux–Buchmann bridge
fails inside the fixed-degree smooth principal-relation world, and that several
natural residual loopholes collapse to already understood class-group/principality
problems.

2. The Joux skeleton and its real quadratic translation
We decompose the finite-field descent into five structural components.

ID Component Structural role
K1 Smoothness basis A small generating

family supporting
relation collection and
descent

K2 On-the-fly elimination Target-specific relations
that reduce complexity

K3 Frobenius symmetry Large public fixed-locus
identity plus
low-complexity rewrite

K4 Recursive tower/subfield
descent

Iterated complexity
reduction with bounded
branching

K5 Representation
switching

Choice of coordinates
where descent is cheap

For real quadratic fields:

• K1 survives in weak form: factor bases of prime ideals exist.
• K2 survives only weakly: targeted principal-ideal relations exist, but no

BGJT-style elimination is known.
• K3 fails intrinsically.
• K4 fails internally and becomes structurally ineffective in bounded-degree

external towers.
• K5 survives representationally, but not asymptotically in fixed degree.

The decisive obstructions therefore sit at K3/K4.

3. Main results
We separate the core statements into theorem-level structural obstructions and a
conditional smoothness corollary. Taken together, Theorems T1–T5 support the
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following single message: within the bounded-degree smooth principal-relation
interpretation of the Joux–Buchmann bridge, every serious internal loophole
either collapses to principality/narrow-class selection or remains outside theorem-
level reach.

Theorem T1 (Frobenius obstruction)

Let
N = pq

with distinct odd primes, let

K = Q(
√

N), R = Z/NZ.

Then:

1. every Q-algebra endomorphism of K is either the identity or the nontrivial
Galois involution;

2. any public residue-level projector separating the hidden p- and q-
components of R produces a nontrivial idempotent in R, hence factors
N .

In particular, there is no public Frobenius-like symmetry of the type required by
Joux/BGJT unless factorization data is already present.

Theorem T2str (Structural tower obstruction in the bounded-degree
polynomial-norm regime)

Let
K = Q(

√
N)

with [K : Q] = 2. Consider any descent built from principal-ideal relations inside
a public bounded-degree tower

K = K0 ⊂ K1 ⊂ · · · ⊂ Kt = L

with [L : Q] ≤ C, where all relation elements satisfy

|NL/Q(α)| ≤ |DK |A

for some absolute constant A. Then:

1. there is no nontrivial internal tower inside K;
2. any such external tower has bounded length t = O(1);
3. no asymptotically growing Joux-style recursive depth can arise in this

regime.

Scope note. Theorem T2str does not exclude external towers
whose total degree grows with log N or with another asymptotic
parameter, nor non-principal-relation methods. Its content is ex-
actly the bounded-degree, polynomial-norm principal-relation regime
formalized in Definitions 5.1–5.2.
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Corollary T2sm (Conditional L[1/2] barrier)

Under the standard random-norm smoothness heuristic for these polynomial-
size relation norms, the optimal relation-collection exponent in the fixed-degree
principal-relation regime is

LDK
[1/2].

Thus no L[1/3]-type behavior can emerge inside this paradigm.

Theorem T3 (Graph-only cycle selection collapses to narrow-class
selection)

The exact near-square dynamics of
√

D define a functional divisor graph whose
directed cycles are exactly the reduced cycles of narrow ideal classes. The cycle
through the base state (0, 1) is the principal narrow class. Therefore any graph-
only procedure that selects the principal cycle among all graph cycles is exactly
a principal narrow-class selection procedure in different language.

Theorem T4 (Dynamic principality equals static principality on the
thin small split family)

For a small split prime ℓ and a local root s2 ≡ D (mod ℓ), the ideal

aℓ,s = (ℓ,
√

D + s)

is principal if and only if it appears on the principal cycle, and this is equivalent
to the existence of a Pell-type solution

x2 − Dy2 = ±ℓ, x ≡ −sy (mod ℓ).

Thus dynamic principal-cycle membership supplies no extra filter beyond static
principality on this thin family.

Theorem T5 (The odd part remains visible on the thin split family)

Let C = Cl+(K). Every class in 2C, hence in particular every odd class
component, is realized by infinitely many split prime ideals of the form (ℓ,

√
D+s).

Therefore principal-genus admissibility does not collapse principality to a purely
2-adic condition on the thin split family.

The proofs are given below.

4. Theorem T1: Frobenius obstruction
We first formalize “component separation”.
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Definition 4.1 (public component projector)

A public component projector on

R = Z/NZ

is a publicly computable ring endomorphism

π : R → R

(not necessarily unital) such that under the Chinese remainder isomorphism

χ : R
∼−→ Fp × Fq

one has either
χ ◦ π ◦ χ−1(x, y) = (x, 0)

for all (x, y), or
χ ◦ π ◦ χ−1(x, y) = (0, y).

This is the precise meaning of “publicly separating the hidden p- and
q-components”.

Lemma 4.2

Every Q-algebra endomorphism of K = Q(
√

N) is a Q-automorphism.

Proof A Q-algebra endomorphism of a field is injective. Since K/Q is finite-
dimensional, any injective Q-linear endomorphism is surjective. □

Lemma 4.3

The only Q-automorphisms of K = Q(
√

N) are

id and ι :
√

N 7→ −
√

N.

Proof The element
√

N has minimal polynomial

X2 − N

over Q. Any Q-automorphism sends
√

N to another root of this polynomial,
hence to ±

√
N . Since K = Q(

√
N), this determines the automorphism. □

Lemma 4.4

The idempotents in
R = Z/NZ

are exactly the CRT-images of

(0, 0), (1, 1), (1, 0), (0, 1)

in Fp × Fq.
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Proof Under CRT,
R ∼= Fp × Fq.

An element (a, b) is idempotent iff a2 = a and b2 = b, hence iff a, b ∈ {0, 1}. □

Lemma 4.5

Let e ∈ R be a nontrivial idempotent. Then one can recover a nontrivial factor
of N from

gcd(ẽ, N) or gcd(ẽ − 1, N),

where ẽ ∈ Z is any lift of e.

Proof Under CRT, e is either (1, 0) or (0, 1). In the first case,

e ≡ 1 (mod p), e ≡ 0 (mod q),

so gcd(ẽ, N) = q and gcd(ẽ − 1, N) = p. The second case is symmetric. □

Lemma 4.6

If π : R → R is a public component projector, then

e := π(1R)

is a nontrivial idempotent.

Proof Under CRT, e is either (1, 0) or (0, 1), hence nontrivial and idempotent.
□

Proof of Theorem T1

Part (1) follows from Lemmas 4.2 and 4.3.

For part (2), let π be a public component projector. By Lemma 4.6, e = π(1R)
is a nontrivial idempotent. By Lemma 4.5, one then recovers a nontrivial factor
of N . □

Corollary 4.7

A public residue-level Frobenius substitute of projector type cannot exist in the
semiprime real quadratic setting unless factorization data is already present.
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5. Theorem T2str: structural tower obstruction
Definition 5.1 (public bounded-degree tower)

A public bounded-degree tower over K is a chain

K = K0 ⊂ K1 ⊂ · · · ⊂ Kt = L

such that:

1. each field Ki is explicitly constructible from N alone;
2. the construction does not use the factorization N = pq;
3. there is an absolute constant C with

[L : Q] ≤ C.

Definition 5.2 (fixed-degree principal-relation regime)

A descent lies in the fixed-degree principal-relation regime if:

1. all relations are generated from principal ideals (α) in one of the Ki;
2. these relations are pushed back to K by the usual ideal-theoretic maps;
3. the relation elements satisfy

|NL/Q(α)| ≤ |DK |A

for some absolute constant A.

Lemma 5.3

If [K : Q] = 2, then K has no proper intermediate field.

Proof Let
Q ⊆ F ⊆ K.

By the tower law,
[K : Q] = [K : F ][F : Q] = 2.

Since 2 is prime, either F = Q or F = K. □

Lemma 5.4

Let
K = K0 ⊂ K1 ⊂ · · · ⊂ Kt = L

be a strict tower of number fields. Then

[L : K] ≥ 2t.

Proof Each strict inclusion satisfies [Ki : Ki−1] ≥ 2. Multiplying gives the
claim. □
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Corollary 5.5

If [L : Q] ≤ C and [K : Q] = 2, then

t ≤
⌊

log2

(
C

2

)⌋
.

Proof By Lemma 5.4,

[L : Q] = [L : K][K : Q] ≥ 2t · 2 = 2t+1.

Thus 2t+1 ≤ C. □

Proof of Theorem T2str

Part (1) is Lemma 5.3.

Part (2) is Corollary 5.5, hence any public bounded-degree external tower has
length O(1).

Part (3) follows immediately: bounded tower length forbids asymptotically
growing recursive depth. In addition, the polynomial-norm condition from
Definition 5.2 is preserved throughout the tower, so the entire construction
remains in the polynomial-norm world. Since Joux-style speedup requires many
recursive complexity reductions, no analogous structural resource is available
here. □

Corollary 5.6 (= Corollary T2sm, Conditional L[1/2] barrier)

Assume the standard random-norm smoothness heuristic in the fixed-degree
principal-relation regime. Then the optimal relation-collection exponent is
LDK

[1/2].

Proof Let
y = LDK

[a, c].
For polynomial-size relation norms X = |DK |Θ(1), the smoothness probability is

LDK
[−(1 − a), O(1)]

under the standard Dickman/CEP heuristic. The factor base has size

LDK
[a, O(1)].

Hence the relation-collection complexity is

LDK
[max(a, 1 − a), O(1)],

minimized at a = 1/2. □
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5A. Why the continued-fraction remainder is the next place
to look
The tower obstruction closes the Joux-style route only inside the bounded-degree
polynomial-norm principal-relation regime. It does not by itself dispose of the
classical real-quadratic infrastructure. In particular, one could still imagine that
the principal cycle of reduced ideals has a semiprime-specific rare-event structure
that is invisible to smoothness heuristics and to K3/K4 considerations.

The next sections therefore change viewpoint completely. Instead of asking for
a new tower or a new relation family, we ask whether the continued-fraction
dynamics of

√
D contains an exact low-denominator skeleton whose geometry

might distinguish the principal cycle from the other narrow-class cycles. The
near-square identities below are the mechanism by which this remainder can be
studied without returning to the original Joux-style framework.

6. Exact near-square dynamics and the functional divisor
graph
We now turn to the only serious remainder inside the original real quadratic
framework: continued fractions, reduced states, and rare low-denominator events.

Let
D > 0

be a nonsquare discriminant and write

m := ⌊
√

D⌋, r := D − m2, FD(t) := D − (m − t)2 = r + 2mt − t2.

Let
αi =

√
D + Pi

Qi
(i ∈ Z/ℓZ)

be the cyclic indexing of the complete quotients of
√

D, chosen so that

(P0, Q0) = (m, 1).

Set
ti := m − Pi.

Then (t0, Q0) = (0, 1).

Proposition 6.1 (exact near-square factorization)

For every complete quotient,

Qi−1Qi = D − P 2
i = FD(ti).
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Proof The standard identity is Qi−1Qi = D − P 2
i . Since Pi = m − ti, one has

D − P 2
i = D − (m − ti)2 = FD(ti).

□

Proposition 6.2 (exact (ti, Qi)-dynamics)

One has
ti+1 = (2m − ti) mod Qi, Qi+1 = FD(ti+1)

Qi
,

where ti+1 denotes the unique residue in [0, Qi).

Proof From
Pi+1 = aiQi − Pi

we get
ti+1 = m − Pi+1 = 2m − ti − aiQi,

hence the congruence modulo Qi. The formula for Qi+1 follows from Proposition
6.1 with index i + 1. □

Proposition 6.3 (local characterization of admissible denominators)

Fix u ∈ {0, . . . , m}. An integer q is the denominator of a reduced complete
quotient of the form √

D + (m − u)
q

if and only if
q | FD(u), u < q ≤ 2m − u.

Proof Reduction requires

q | D − (m − u)2 = FD(u)

and √
D − (m − u) < q <

√
D + (m − u).

Since
√

D − m ∈ [0, 1), these inequalities are equivalent for integer q to

u < q ≤ 2m − u.

□
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Theorem 6.4 (functional divisor graph realization)

Define
VD := {(u, q) : 0 ≤ u < q ≤ 2m − u, q | FD(u)}

and

TD(u, q) :=
(

v,
FD(v)

q

)
, v ≡ 2m − u (mod q), 0 ≤ v < q.

Then the complete-quotient cycle of
√

D is exactly the directed TD-cycle

(ti, Qi)i∈Z/ℓZ

through (0, 1).

Proof By Proposition 6.2,

(ti, Qi) 7→ (ti+1, Qi+1) = TD(ti, Qi).

By cyclic indexing, (t0, Q0) = (0, 1), and after one full period one returns to the
same complete quotient. □

Proposition 6.5 (continuant bridge and exact denominator identity)

Let pn/qn be the n-th convergent to
√

D, and let the next complete quotient be

αn+1 =
√

D + Pn+1

Qn+1
.

Then:

1. √
D = pnαn+1 + pn−1

qnαn+1 + qn−1
;

2.
pn = qnPn+1 + qn−1Qn+1, Dqn = pnPn+1 + pn−1Qn+1;

3.
p2

n − Dq2
n = (−1)n+1Qn+1.

Proof The finite-tail continued-fraction identity gives (1). Substitute the
complete quotient expression and compare coefficients of 1 and

√
D to obtain

(2). Then use
pnqn−1 − pn−1qn = (−1)n+1

and simplify as usual to obtain (3). □
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Proposition 6.6 (exact prefix/future decomposition)

Define
xn := qn−1

qn
= [0; an, an−1, . . . , a1].

Then:

1.
pn −

√
D qn = (−1)n+1

qn(αn+1 + xn) ;

2.
Qn+1 = pn +

√
D qn

qn(αn+1 + xn) ;

3.
qn+1 = (an+1 + xn)qn, log qn+1 − log qn = log(an+1 + xn);

4. √
D

an+1 + 2 < Qn+1 <
2
√

D + 1
an+1

,

hence
Qn+1 ≍

√
D

an+1

with absolute constants.

Proof The first formula follows by dividing the standard determinant identity
by qnαn+1 + qn−1. The second follows by multiplying by pn +

√
Dqn and using

Proposition 6.5(3). The third is the recurrence for convergent denominators
rewritten using xn. The final inequalities follow from

an+1 < αn+1 < an+1 + 1, 0 ≤ xn < 1,

and the bounds
√

D <
pn +

√
Dqn

qn
< 2

√
D + 1.

□

Proposition 6.7 (isolation of low-Q events outside the Fermat zone)

Assume
r > M2.

If
Qi ≤ M,

then
Qi−1 > M and Qi+1 > M.
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Proof If Qi ≤ M , then 0 ≤ ti, ti+1 < M . For 0 ≤ t < M , the assumption
r > M2 gives

FD(t) = r + 2mt − t2 > M2.

By Proposition 6.1,

Qi−1Qi = FD(ti) > M2, QiQi+1 = FD(ti+1) > M2,

so Qi−1, Qi+1 > M . □

Proposition 6.8 (gcd kernel of low-Q spikes)

Suppose
Qi = q ≤ M, u := ti, v := ti+1.

Then
0 ≤ u, v < q ≤ M,

and

q | FD(u), q | FD(v), q | (2m − u − v), q | (r + uv).

Proof From Proposition 6.2,

v ≡ 2m − u (mod q),

so q | (2m − u − v). Also

FD(u) = r + 2mu − u2 = u(2m − u − v) + (r + uv).

Since q | FD(u) and q | (2m − u − v), we get q | (r + uv). □

7. Directed cycles and narrow classes
We now connect the exact divisor graph to ideal-class theory.

Proposition 7.1

Every vertex (u, q) ∈ VD corresponds to a reduced quadratic state, equivalently
to a reduced ideal or reduced indefinite form of discriminant D.

Proof Put
s = m − u.

By the definition of VD,
q | D − s2

and
0 ≤ u < q ≤ 2m − u.
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Thus
α =

√
D + s

q

is a complete quotient satisfying the usual reduction inequalities

α > 1, −1 < α′ < 0,

where α′ denotes the conjugate. Conversely every reduced complete quotient of√
D has this form for a unique pair (u, q) satisfying the same divisibility and

inequality conditions.

The standard dictionary between real quadratic continued fractions, primitive
indefinite binary quadratic forms, and invertible ideals sends this quotient to
the reduced form

[q, 2s, (s2 − D)/q]
and to the corresponding reduced oriented ideal generated by q and

√
D + s,

up to the harmless convention-dependent sign in s; see, for example, Buch-
mann–Vollmer [16, Chs. 5–6] or Mollin [17, Chs. 3–5]. This gives the claimed
identification. □

Proposition 7.2

The map TD is exactly the reduction successor map on these reduced states.

Proof Let αi = (
√

D + Pi)/Qi be the complete quotient corresponding to
(ti, Qi). The ordinary continued-fraction reduction step sends αi to αi+1, where

Pi+1 = aiQi − Pi, Qi+1 =
D − P 2

i+1
Qi

.

After writing ti = m − Pi, these formulae are exactly

ti+1 = (2m − ti) mod Qi, Qi+1 = FD(ti+1)
Qi

,

which is the definition of TD. Hence TD is precisely the reduction successor. □

Theorem 7.3

The directed cycles of TD are exactly the reduced cycles of the narrow ideal
classes of K. The cycle through (0, 1) is the principal narrow class.

Proof By Proposition 7.1, vertices of VD are reduced oriented quadratic states.
By Proposition 7.2, TD is the ordinary reduction successor.

Reduction of indefinite primitive binary quadratic forms preserves proper equiv-
alence, equivalently the narrow ideal class. Thus the TD-orbit of a reduced state
remains inside one narrow class. In a fixed narrow class there are only finitely
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many reduced states: for reduced forms [a, b, c] of fixed discriminant one has the
standard reduction bounds on a, b, and c, hence only finitely many possibilities.
Since the reduction successor is reversible on reduced states – the inverse is
the preceding continued-fraction reduction step – it permutes the finite reduced
states in that narrow class. Therefore each narrow class decomposes into directed
cycles.

For indefinite forms the reduced states in a fixed proper narrow class form a
single reduction cycle: applying the reduction successor repeatedly runs through
all reduced forms properly equivalent to the initial one before returning to it; see
again Buchmann–Vollmer [16, Ch. 6] or Cohn [18, Ch. 5]. Hence the directed
cycles of TD are exactly the reduced cycles of narrow ideal classes.

Finally, (0, 1) corresponds to √
D + m

1
and to the principal oriented ideal state. Therefore its TD-cycle is the principal
narrow class. □

Corollary 7.4 (graph-only cycle selection is not a new mechanism)

Selecting the principal directed cycle in the functional divisor graph is exactly
selecting the principal narrow class. Therefore graph-only cycle selection is not
an independent shortcut beyond principality.

8. Dynamic principality on the thin split family
We now isolate the thin family of small split ideals and show that dynamic
principal-cycle membership adds no extra power beyond static principality.

Let ℓ ∤ D be a rational prime with ℓ <
√

D, and let

s2 ≡ D (mod ℓ).

Define
aℓ,s := (ℓ,

√
D + s).

Theorem 8.1 (dynamic principality equals static principality)

Let ℓ ∤ D be prime with ℓ <
√

D, and let s2 ≡ D (mod ℓ). For

aℓ,s := (ℓ,
√

D + s),

the following are equivalent.

1. aℓ,s is principal.
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2. There exist integers x, y with

x2 − Dy2 = ±ℓ, x ≡ −sy (mod ℓ).

3. The reduced oriented state attached to aℓ,s lies on the principal reduction
cycle.

Moreover, when a generator in (2) is already in the continued-fraction orientation,
the corresponding state is recorded by a convergent pn/qn with

p2
n − Dq2

n = ±ℓ.

If the generator is in the opposite real embedding, the same assertion holds for
the conjugate split ideal, i.e. after replacing s by −s. Thus, up to the unavoidable
conjugation of the two prime ideals above ℓ, dynamic principal-cycle membership
is exactly static principality on this thin split family.

Proof For (1) ⇔ (2), suppose first that aℓ,s = (α) with α = x + y
√

D. Since
N(aℓ,s) = ℓ,

|N(α)| = |x2 − Dy2| = ℓ.

Moreover α ∈ (ℓ,
√

D + s), so

x + sy ≡ 0 (mod ℓ).

Conversely, if such (x, y) exists, then α = x + y
√

D ∈ aℓ,s and |N(α)| = ℓ =
N(aℓ,s). Hence (α) = aℓ,s.

For (1) ⇔ (3), use the standard infrastructure fact that the principal reduction
cycle is precisely the reduction cycle of principal oriented ideals. If aℓ,s is
principal, reducing it gives a reduced state on the principal cycle. Conversely,
every reduced state on the principal cycle represents a principal oriented ideal,
hence the corresponding aℓ,s is principal.

To justify the final continued-fraction statement, assume α = x + y
√

D is a
generator as in (2) in the continued-fraction orientation. Then x/y is a reduced
approximation to

√
D; in the classical continued-fraction/ideal dictionary, the

reduced principal ideal generated by α corresponds to the reduced complete
quotient reached from the convergent attached to x/y. More concretely, writing
the associated reduced form as

[ℓ, 2s, (s2 − D)/ℓ],

its proper-equivalence class is principal, and the reduced state determined by
this form is exactly the one attached to aℓ,s. Proposition 6.5 then identifies the
Pell residual of the corresponding convergent with the denominator/norm of
that reduced state, so one obtains

p2
n − Dq2

n = ±ℓ.
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If α is in the opposite real embedding, the same argument applies to ᾱ, which
replaces s by −s and exchanges the two split prime ideals above ℓ. See Buch-
mann–Vollmer [16, Chs. 5–6] and Mollin [17, Chs. 6–7] for the surrounding re-
duction theory; the present theorem sharpens the usual half-distance / SQUFOF
viewpoint to an exact principality equivalence on the thin split family. □

Consequence 8.2

On the thin split family aℓ,s, principal-cycle membership is exactly static princi-
pality; there is no extra dynamic filter. In particular, the usual half-distance /
SQUFOF intuition can be upgraded here to an exact reduced-state/principal-
cycle equivalence for the split ideals themselves.

9. The odd part remains visible
We now test the final static hope for the thin split family: perhaps principality
collapses almost entirely to the 2-primary/genus side. The answer is negative in
general.

Let
C = Cl+(K) = P × O,

where P is the 2-primary part and O the odd part.

Proposition 9.1

The principal genus is
2C,

and the entire odd part satisfies

O ⊆ 2C.

Proof Multiplication by 2 is an automorphism on every odd-order group, hence
on O. So O = 2O ⊆ 2C. □

Theorem 9.2 (the thin split family sees the full principal genus)

For every class
c ∈ C,

there exist infinitely many degree-one split prime ideals of class c. Equivalently,
there are infinitely many rational primes ℓ splitting in K and root classes s2 ≡ D
(mod ℓ) such that

(ℓ,
√

D + s)

represents c. In particular, this holds for every c ∈ 2C.
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Proof Let H+ be the narrow Hilbert class field. Narrow class field theory
identifies

Gal(H+/K) ∼= C.

For a class c ∈ C, let σc be the corresponding Artin element. Since K/Q is
quadratic, the normal closure of H+ over Q is Galois, and conjugation over
Q acts on C by inversion. Apply Chebotarev to this Galois extension and to
the conjugacy class of an element whose restriction to K is trivial and whose
restriction to H+/K is σc. Infinitely many rational primes ℓ have Frobenius in
this conjugacy class. Such primes split in K, because the Frobenius restricts
trivially to K. For either of the two primes l | ℓ of K, the Frobenius in H+/K is
σc or σ−1

c ; the two conjugate primes above ℓ therefore represent inverse narrow
classes. Hence one of them has class c, so the Chebotarev primes produced here
populate every narrow class by degree-one split primes.

Finally, if l | ℓ is a degree-one split prime, then D has a square root s modulo ℓ,
and, after choosing the sign of s corresponding to l,

l = (ℓ,
√

D + s).

Thus every class c is represented by infinitely many split prime ideals of the
displayed form. □

Corollary 9.3

Principal-genus admissibility is only a first-stage condition. On the thin split
family, the odd part O remains fully visible. Thus principality does not collapse
in general to a purely genus/2-adic test.

10. What remains after the rigorous negative results
At this point the landscape is sharply reduced.

10.1 Eliminated routes

The following routes are closed or collapse to already understood problems.

1. Intrinsic Frobenius replacement: ruled out by Theorem T1.
2. Bounded-degree towers in the polynomial-norm smooth principal-

relation world: ruled out by Theorem T2str and Corollary T2sm.
3. Graph-only cycle selection: collapses to narrow-class selection by

Theorem 7.3.
4. Dynamic principality on the thin split family: collapses to static

principality by Theorem 8.1.
5. Principal-genus / 2-adic collapse on the thin split family: ruled

out in general by Theorem 9.2.
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10.2 The last internal real-quadratic remainder

Inside the original real-quadratic framework, the only genuinely different remain-
der identified in this pass is an archimedean placement problem: whether the
principal-split prime angles associated to low-denominator rare events exhibit a
non-generic geometric placement law on the infrastructure circle. Concretely,
this asks whether the angles of principal-cycle low-Q states on the infrastructure
circle are equidistributed, or instead exhibit a semiprime-specific bias or window
structure. The additive and graph-theoretic simplifications tested in this pass
do not supply such a law.

This remainder is not developed into a theorem here; it remains an open internal
loophole.

11. Final conclusion
The revised paper supports the following conclusion.

Main conclusion. The Joux–Buchmann bridge fails inside the fixed-
degree smooth principal-relation regime. The Frobenius and tower
layers do not transfer; the exact continued-fraction/divisor-graph
remainder collapses several natural loopholes back to principality or
narrow-class selection; and no sub-L[1/2] mechanism is found there.

The strongest theorem-level content is therefore negative:

1. no intrinsic or residue-level Frobenius substitute exists without factorization
data;

2. no bounded-degree tower can create Joux-style recursive depth in the
fixed-degree principal-relation regime;

3. on the main continued-fraction/divisor-graph remainder, several natural
“graphical” or “dynamic” hopes collapse to static principality or narrow-
class theory.

A future positive result would have to come from a genuinely different source. In
this pass, the only such source isolated is conjectural: explicit real-multiplication
reciprocity of Darmon–Vonk / Hilbert-12 type.

Appendix A. Conjectural external branch: Darmon–Vonk
real multiplication
The proved negative theorems T1–T5 do not address a qualitatively different,
external route coming from explicit real-multiplication reciprocity. Recent work
of Darmon and Vonk proposes rigid meromorphic cocycles and real quadratic
singular moduli as class-field-theoretic invariants for real quadratic fields, together
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with reciprocity laws and arithmetic intersection formulae for modular geodesics
[11–13].

For the purposes of the present paper we record only the following minimal
conjectural escape hatch: there may exist an anchored binary RM invariant

A 7−→ Jp(τ0, τA)

whose finitely many valuation/intersection tests separate the principal narrow
class from the others. We make no theorem-level claim from this branch
and derive no factoring algorithm from it here. Its role is solely to identify an
external mechanism not contradicted by T1–T5.
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